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1 The constraints
We are given real numbers ¢y, t5, such that
1<l =094ty <ty <ty (1)

where

¢ = 233/303. (2)

We also have the real constant 0 < a < 1, which is given in the Sparse Ball Theorem.
Consider real numbers 6, 3, d, i, a, and h, and define

tg—t1+(5

1
w = 5(0089 —sinf) — TR

262+ h)
1-23
;. 2B(a+sinb)
a:=a 125 (5)
B +h)
~ h+cosf’
d(h + cosf)
1+h 7’

h =h—

Ch

0 =

and
12(1 + h)(3a + sin 0)
h' —6a — 2sinf — 86(1 + h) — 480(1 + h)?

The parameters must be chosen, subject to the following constraints:

€=

0<60<m/4, (9)



ty — 1
ty— 1

<6 <1,

to—t1+0

cosf —sinf > ,
Oto

0<o<1,

[t > max (w,(1+a+h/2+sin0) <1+5(1i25)>>7

. h a
0 < 3 < min ((5,0059, 4(1—|—h)’4a+231n9>’
cosf — 3
O<a<h< ——,
¢ 140

h' > 6a + 2sinf + 84(1 + h),
B(1+ h)* < §(h + cos6)?,
o'(1—p
s 2 Vo
B > 6a+ 2sinf + 83(1 + h) + 483(1 + h)?,
p>(a+14+h/2)(14+1/8)+ (£ +sind)/d,
& <cosf —h,
cos > 2(a+sinf) + 1/t,,

3t1(1 4+ h) + (tgcosf — 1 — 2t5(a + sin6)) (cos§ — h)

9ty(1 + h) +tacosd — 1 — 2ty(a + sin )
_ 3ta(1+h) (1 +2a+sind +28(a+sind))
9t2(1+ h) +tacos — 1 — 2ty(a +sinh)

6 1
aa —sinf — a3 > —aa,
1-3°2
and .
a
< .
b 2a + a’



2 Choice for the parameters

We define
3 := min (10*4, a/49) , (26)
§ == 99/100, (27)
h = 1/100, (28)
pi=5, (29)
. 4 ta =1ty — (1 —¢) — oty
= 10" 30
a min ( y 106t2 5 105t2 ) ( )
and choose 6, such that
0<6<m/4, (31)
cosf > 91/100, (32)
) to — 1
< =——
sinf < 2000, (33)
sinf < aa/8, (34)
2 1 2 1 1
0> = 4 — <1 _ s ) -
cost > 106 + 100 + 106 100/ %’ (35)
to —t )
cosf —sinf > ﬁ, (36)
Otg
and 1375 2 71 101ty —t
cos> o0 2L ERREY (37)

= 9/1000 — 18a ' 9 96, 30 14

3 Verification of the constraints

3.1 Choosing ¢ as in (35) is possible
In order for (35) to be possible, we need
0< ot o+ (1= 105~ 105 ) 7 <1
106~ 100 106 100/ to '

It is clear that this quantity is strictly positive. It is strictly less than one, if and only if
1/ta < 1, which is true by (1).



3.2 Choosing # as in (36) is possible
In order for (36) to be possible, we need

ty—ty +0
0< 20 L gno < 1.
Oto

Since ty > t1 by (1), this quantity is strictly positive. Using (30) and (34), and the fact that
0 < a <1, we have
ty—t +6 th—ti+6  t—(1—¢)— oty

inf <
5, om 5t 105,

By (1), we have t; — (1 — ¢) — ¢ty > 0. Also, by (27), we have 1/10° < 1/§. Hence,

t2—t1+5+t1—(1—¢)—¢t2_ (1_¢>(t2—1>+l

to —t;1 4+ 0 Lsing <
e Sin .
Sts Sts Sts Sts t

Thus, it suffices to show that

(1-9)(ta—1) 1
5t2 +g<1,

which is equivalent to
(1—=¢)(t2—1) toa—1
< )
Oty to

which is equivalent to
1—¢ <,

which is true by (2) and (27).

3.3 Choosing ¢ as in (37) is possible
In order for (37) to be possible, we need
1375a 2 71 101t -1

<— J—
9/1000—18a+9+9t2 * 30t

0 < 1.

Since a < 107* (by (30)), and since t, > t; (by (1)), this quantity is strictly positive. It is
strictly less than one, if and only if

1375a Ztg —1 101 t2 - tl

<
9/1000 —18a 9ty 30ty

which is equivalent to

ty—1 101 ty —
— ——(9/1000 — 18

7
1375a < (9/1000 — 18a)



which is equivalent to

ty—1 303ty —t 7 to—1 303ty —t
(1375+142 _ 2 1) 2 — 24

12 2ty 1000 ¢ 104ty

which is equivalent to

1375 + 14 — =2 — — 4 2271
* 5 h 56

( 303 14 303 t1> - 7 303 7 1 n 303 14
a< —— — .
1000 10* 1000ty  10*t,

Since 1375 + 14 — 303/5 < 1329 and 7/1000 — 303/10* = —233/10%, it suffices to show that

1320 - — 4+ 222
P

( 14 303 t1> 303 ¢4 7 1 233
a< — -
104ty 1000t 104

Since t; < to (by (1)), we have

14 t
1329 — — + 3036 _ 1399 + 323 < 1400.

lo lo
Thus, it suffices to show that

3034, 7 1 233
1400q < 228 L = 299
“S 10t 10008, 10

Using (2), the right-hand side is equal to

303t — (1 — ¢) — Pty
104 ty '

Thus, it suffices to show that

@tl—(l_@_ﬁbtz

14000 <
RNETIL t

But this inequality is satisfied, because of (30) and the fact that 1/10° < ;205

3.4 Verification of (9)
Constraint (9) holds, because of (31).

3.5 Verification of (10)
It follows from (27) that 0 < 1. Again using (27), the requirement

to — 11

<
ta — 1




is equivalent to
ty —ty 99

< 1NN’
to — 1 100

which can be written as
t, < 100t; — 99.

By (1), we have

t, — (1 —
ty < R S 4 (¢ ¢) .
Thus, it suffices to show that
t1 — (1 —
1(¢¢) < 100t; — 99,

which can be written as
(100 — 1/¢)ty > (100 — 1/9),
which is true, because, by (1), t; > 1.

3.6 Verification of (11)
Constraint (11) holds, because of (36).

3.7 Verification of (12)

Constraint (12) follows from our choice of § in (27).

3.8 Verification of (13)
Observe that w > 0, because of (11). Using (3), (29), and the fact that t5 > ¢;, we have

, ty—t1+6
== — - <1/2<5=
w 2(0038 sin 6) 25t <1/2<5=uyp
Using (26), (27), (28), and (30), we have
(1+a+h/2+sinb) 1+¥ < (1+1+1+1> 1+ !
¢ o s(1-28)) = 104 " 200 W1 —2-10%)
< 5



3.9 Verification of (14)
Using (26) and (27), we have 0 < # < §. Using (26) and (32), we have

cosf > 91/100 > 10~* > 3.

Using (26) and (28), we have

=1/404 > 107* > 3.

4(1+h)
The inequality
a

<7
b 4a + 2sin 0

is equivalent to
(4a + 2sin6)f < a.

Using (34) and the fact that 0 < a < 1, we have
(4a +2sinb)p < (da+ aa/4)5 < 5af3,

which is less than a, because, by (26), 5 < 1/5.

3.10 Verification of (15)
Using (28) and (30), we have 0 < a < 10™* < h. The inequality

cosf — (3

h <
1+

is equivalent to

cost > 3+ h(1+ ).
Using (26), (28), and (32), we have

1
B+h(1+0) <107+ oo (14107") < 91/100 < coso.

3.11 Verification of (16)
The constraint (16) is implied by (19), which will be verified later.



3.12 Verification of (17)
Using (26) and (28), we have

1 1\2 1012
1 h2<(1 ): )
AL+h) — 104 +100 108

Thus, it suffices to show that
1012
108
Using (27) and (28), this is equivalent to

1012 _ 99 ( 1 N 9)2
—_— — | — COS
108~ 100 \ 100 ’

< 0(h + cos ).

which is equivalent to

( 1 N 9>2 - 1012
—_— COS —_—.
100 99 . 106

Using (32), we have

<1 N 0)2><92>2> 1012
—_— COS —_— .
100 100 99 . 106

3.13 Verification of (18)

We first show that 9
g <0 <é (38)

The inequality ¢’ < 4 follows from the definition of ¢’ in (7). The inequality %6 < &' is

equivalent to
9 h + cos 0

0° 1+h
which is equivalent to

10cos@ + h > 9.
Using (32), we have

10cos @ + h > 10cosf > ?(1) > 9.
This proves that (38) holds.

In exactly the same way, using the definition of 3’ in (6), we get

9 / /
o <8<0 (39)
Now we can show that constraint (18) is satisfied. Using (38) and (39), we get
sa-g  Bo(-49)
20-0)+63-p) — 2430

8



which, using (26) and (27), is at least

5 (1- 1 10-9)

3-99
2+ 100

> 1/6.

3.14 Verification of (19)

Using the definition of A’ in (4), the constraint (19) can be written as

26(2+h)

h>71_25

+6a + 2sin@ + 83(1 + h) +485(1 + h)*.

Using (26), (28), (30), and (34), and the fact that 0 < a < 1, we get

23(2 + h)
1-23

2 2
0:(2+1/100) 6 1 8 ( 1 > 48 ( 1 )
- 4+ 4+ (14 = 1+ =

1— 2 "ot Tt T\ T 100) T 10 U 100/

+ 6a + 2sin @ + 83(1 + h) + 485(1 + h)?

which is less than 1/100 = h.

3.15 Some inequalities for &

The value of ¢ is defined in (8). We first prove that

25a
§< 5+

1000 — 4a .
Using the definitions of A’ and ¢ in (8) and (4), respectively, we have

12(1 + h)(3a +sin6)

£ = - '
h_%;ﬁh)—6a—281n9—8ﬁ(1+h)—485(1+h)2

Using (26), (28), (30), and (34), and the fact that 0 < o < 1, we have

12 1%(3a + a/8)

&< 1 2:10-4.281 N 1 8 101 48 (1012
00 ~ 1-210-1 _GQ_W_W'W_W(TOO)
By
_ 2
1 1 402 100 48-101 600 °
101~ 10% (101(172-10*4) t a1t 8+ 100 ) 101
Since
1 1 402 100 48 - 101
—_—— — +8 > 3/1000
101 104 <101 (1-2-107%) + 404 tot 100 ) / ’



and since
600
——a < 6a,
101

we have -
2q 25a
é‘ S 5 2 _

3 2 ?
00 — 00 fogp — 4a

completing the proof of (40).
We next prove that

9

1ta—1 3(1+h)ta—t
110 '

(cos@ —1/ty) — —

{<
55 t2 11 t2

To prove this inequality, we observe that, using (40), it suffices to show that

25a 9 Lto—1 3(1+h)ta—1t
< (cosO — 1/ty) — — —~
2 S0 T VR T gy i 6

which is equivalent to (where we use the fact that h = 1/100, see (28))

25a 9 1 9 1y 1 303 to — 14
2§cos€——<—)— )
25— da = 110 55 \110 55/t 1100 t,
which is equivalent to
1375a 2 71 101ty —t
W§6089_§_§f_% ty
To0o — Lo 2 2
which is true, because of (37).
3.16 Verification of (20)
Using (30) and (40), we get
25a 25-107* 25
e P S T = T
1000 — % o0 — *°
Thus, using (27), (28), and (30), we get
(a+1+h/2)(1+1/0)+ (£ +sinf)/6 < < ! +1+ ! >(1+100>+ TR
¢ S = 104 200 99 ) " 99/100
B < 1 P14 1 > 199+ 100 - 41
-~ \10¢ 200/ 99 © 99-16
< 5
= u

10

(41)



3.17 Verification of (21)
It follows from (41) that

Using (28) and (32), we get

9 1 91
h< —++ — <« — < 6.
§+h< 95 100 < 100 <

3.18 Verification of (22)
Using (30) and (33), we get

. 1 2 t—1 1 t—1 1
2 - o< = 2
(a+sinf) T S 10 4 100 6 4

2 +],+<1 2 1)1
106 100 106 100/ ty’

which, by (35), is less than cos 6.

3.19 Verification of (23)

The constraint (23) is equivalent to

E(9t(1+h) +tacos — 1 —2ty(a+sind)) + 3t2(1 4+ h)(1 + 2a + sin 6 + 26(a + sin b))
< 3t1(14 h) + (tacosf — 1 — 2ty(a +sinf)) (cos @ — h). (42)

Observe that
tocost — 1 — 2ty(a + sin ) < ts.

Using (26), (28), (30), and (33), we get

2a +sinf + 203(a +sinfh) <

2 =1 11 2 (1@—1+1tr4)
106 #, 200 to 104 \ 105 ¢, 200ty
1 ty—1
<
= 30(1+h) ty

Using (28) and (32), we get

cos@—hzﬁ—izg.
100 100 10

Hence, (42) will follow from the claim that
1 9 .
5@@u+hy+@y+&ﬂ1+hy+ﬂg@—¢)g3hu+hy+ﬁﬂmame—1—zmm+smmy

11



Since, using (28), 9ty(1 + h) + to < 11ts, it suffices to show that
1 9 :
11&ts + 3ta(1 + h) + To(tg —1)<3ti(1+h)+ 10 (tacos — 1 — 2ty(a+sind)),
which is equivalent to

i

11&ty + 3(ts — t1)(1 + h) + T 0

tao(a +sinf) < — (tycosf —1).

9
10
Using (30) and (33), we get

18 (1t2—1 1t2—1> (18 9 1

18
—1 0) < —¢ — ) (ty — 1 —(ty — 1).
Tot2la+sind) < Jota | 159 200 4 107+1000>(2 )< gl —1)

Thus, it suffices to show that

1
gt +3(t2 — )(1+B) + (62— 1) < 1% (b cosf — 1),
which is equivalent to
9 1t-1 3(1+h)t—t
< — 0—1/t
§ qqg (cost = 1/ta) = o= 11 6
which we have shown to hold in (41).
3.20 Verification of (24)
We have to show that
loch— 1119—|—M < ad.
g TS — B
We know from (34) that
sinf < aa/8.

Using (26) and the fact that 0 < oo < 1, we get
480 + aff < 496 < a,

which can be rewritten as 485 < a(l — (8

~—

, which can be rewritten as

s
— < «/48.
5=
Thus, it suffices to show that
1 N 1 n <ot
—aa+ -—aa+ —aa < aa
2 8 8 = ’

12



which is equivalent to
3

105 a. (43)
Using the definition of @’ in (5), this is equivalent to
~ 2B(a +sinb) S §a,
1—-25 <4
which is equivalent to
26(a +sin0) < }a.
1—-23 —4

Using (34) and the fact that 0 < a < 1, we have
sinf < aa/8 < a/8.

Thus, it suffices to show that

26(a+a/8) < 1@7
1-26 ~ 4
which is equivalent to
Qﬁ 1
4 < =
1-28 4
which is equivalent to
which is equivalent to
8<1/11,
which is true, because of (26).
3.21 Verification of (25)
We have to show that .
<o
2a +a'’
which is equivalent to
(2a+d")3 < d.

We have seen in (43) that 3a/4 < a’. Also, the definition of ¢’ in (5) implies that ¢’ < a.
Therefore, it suffices to show that

3
(2a +a)p < 1%

which is equivalent to
B <1/4,

which is true, because of (26).
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